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We explore the parameter space of the two-ﬂavor thermal quark–meson model and its Polyakov loop-
extended version under the inﬂuence of a constant external magnetic ﬁeld B . We investigate the
behavior of the pseudo critical temperature for chiral symmetry breaking taking into account the likely
dependence of two parameters on the magnetic ﬁeld: the Yukawa quark–meson coupling and the
parameter T0 of the Polyakov loop potential. Under the constraints that magnetic catalysis is realized
at zero temperature and the chiral transition at B = 0 is a crossover, we ﬁnd that the quark–meson
model leads to thermal magnetic catalysis for the whole allowed parameter space, in contrast to the
present picture stemming from lattice QCD.
© 2014 The Authors. Published by Elsevier B.V. Open access under CC BY license. Funded by SCOAP3.1. Introduction
The phase diagram of magnetic quantum chromodynamics
(QCD), i.e. for strong interactions under the inﬂuence of an external
classical Abelian magnetic ﬁeld, is currently under construction.
This phase diagram corresponds to a special case, as it does not
suffer from the Sign Problem, and can be easily simulated on the
lattice. So, from the theoretical point of view, it serves as a crucial
check for effective models of QCD extended to regions not easily
accessible by lattice simulations. From the experimental stand-
point, this setup is also quite remarkable owing to the fact that
strong magnetic ﬁelds are relevant in non-central heavy ion col-
lisions, and play a major role in the possibility of observing the
chiral magnetic effect (for a comprehensive review, see Ref. [1]).
The chiral and deconﬁning transitions under the effect of a
magnetic background are, of course, amenable also to effective
model descriptions [2,3]. Those models have predicted several out-
standing new features to the thermodynamics of strong interac-
tions, from shifting the chiral and the deconﬁnement crossover
lines in the phase diagram [4–32] to transforming the vacuum
into a superconducting medium via ρ-meson condensation [33,34],
for high enough magnetic ﬁelds, i.e. a few times m2π . Neverthe-
less, the available lattice data [35–37] contradicted essentially all
predictions regarding the behavior of the pseudo critical lines for
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models (including their Polyakov loop extensions). The reason for
this failure is unclear, but the fact that conﬁnement is not prop-
erly captured in such chiral models might play a role [17,38]. It
should be noticed that, even though the lattice simulations of [39,
40] point to an increasing pseudo critical temperature as a func-
tion of the applied magnetic ﬁeld, these results were obtained for
unphysical quark masses.
In this Letter, we explore the parameter space of the two-ﬂavor
thermal quark–meson (QM) model and its Polyakov loop-extended
version (PQM) under the inﬂuence of a constant external magnetic
ﬁeld B . We investigate the behavior of the pseudo critical temper-
ature for chiral symmetry breaking taking into account the likely
dependence of two parameters on the magnetic ﬁeld: the Yukawa
quark–meson coupling and the parameter T0 of the Polyakov loop
potential. We scan an important part of the parameter spaces of
these models, in order to check whether they can accommodate, at
least qualitatively, the trend of inverse magnetic catalysis found in
Ref. [35]. In doing so, we keep two important constraints: (i) that
magnetic catalysis is realized at zero temperature, and (ii) that the
chiral transition at B = 0 is a crossover. In these two limits, i.e.
zero temperature or zero magnetic ﬁeld, chiral effective models
usually produce results that are, at least qualitatively, in line with
lattice QCD. We ﬁnd, nevertheless, that the extensions considered
by introducing a B dependence in the Yukawa coupling and in the
parameter T0 are not enough to account for the behavior of the Funded by SCOAP3.
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lieve this should be also the case for other chiral models, which
would signal the lack of some fundamental ingredient, possibly
quark conﬁnement.
The Letter is organized as follows. In Section 2 we describe
the thermal effective potential in the presence of a magnetic back-
ground. In Section 3 we consider the effects from the running of
the Yukawa coupling, having the magnetic ﬁeld as the momentum
scale, in the QM model. In Section 4 we investigate the conse-
quences of making T0 a B dependent quantity, in a fashion usually
made with chemical potentials. Section 5 contains our summary.
2. Thermal effective potential in the presence of a magnetic ﬁeld
Let us ﬁrst brieﬂy review the Polyakov-Quark–Meson (PQM)
model while we introduce our notation. The effective potential
of the PQM model at ﬁnite temperature and magnetic ﬁeld was
calculated in [8]. At the mean-ﬁeld level, it is a sum of four con-
tributions,
Veff (σ ,φ1, φ2, B, T ) = Vcl(σ ) + V P (φ1, φ2, T , T0) + Vvac(σ , B)
+ Vpara(σ ,φ1, φ2, B, T ), (1)
where
Vcl(σ ) = λ4
(
σ 2 − v2)− hσ (2)
is the tree-level potential for the σ ﬁeld. The Polyakov loop poten-
tial (in the logarithmic parametrization) is given by [41]
V P (φ1, φ2, T , T0)
T 4
= −a(T )
2
L∗L + b(T ) log[1− 6L∗L + 4(L∗3 + L3)− 3(L∗L)2].
(3)
The T = 0 contribution to the effective potential (with the normal-
ization Vvac(σ ,0) ≡ 0) has the form
Vvac(σ , B) = − Nc
2π2
∑
f=u,d
|q f B|2
[
ζ ′(−1, x f )
− 1
2
(
x2f − x f
)
log x f +
x2f
4
]
, (4)
whereas Vpara(σ ,φ1, φ2, B, T ) is given by
Vpara = − T
2π2
∑
f=u,d
|q f B|
∞∑
n=0
(2− δn,0)
×
3∑
i=1
∞∫
0
dp log
(
1+ 2e−
√
p2+g2σ 2+2n|q f B|/T cosφi
+ e−2
√
p2+g2σ 2+2n|q f B|/T ), (5)
and represents the paramagnetic (thermal) contribution to the ef-
fective potential.
In the previous formulas, B is the magnetic ﬁeld, T is the tem-
perature, σ is the expectation value of the sigma meson ﬁeld (the
approximate order parameter for the chiral transition), φ1, φ2, and
φ3 are the (approximate) deconﬁnement order parameters related
to the Polyakov loop L (see, e.g., [8] for more details). The quan-
tities v = √ f 2π −m2π/λ, mσ = √2λ f 2π +m2π , and h = fπm2π are
parameters of the mesonic self interaction (2), which are adjustedTable 2
Values of the parameters of the Polyakov loop potential [43].
Constant a0 a1 a2 b3
Value 16π2/45  3.51 −2.47 15.2 −1.75
according to the constants in Table 1, and the functions a(T ) and
b(T ) are deﬁned as
a(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
; b(T ) = b3
(
T0
T
)3
, (6)
where the values of the parameters a0, a1, a2, and b3 are listed in
Table 2. The parameter T0 will be taken as a function of B in Sec-
tion 4. In Eq. (4), we used x f :=m2f /|2q f B| = g2σ 2/|2q f B|, where
g is the meson–quark coupling and q f is the charge of the quark
of ﬂavor f = u,d.
Notice that the Quark–Meson (QM) model is recovered, as a
particular case of the PQM model, when one sets φ1 = φ2 = φ3 = 0
(or, equivalently, L = L∗ = 1) and neglects the Polyakov loop poten-
tial (V P ≡ 0). In the PQM model, it can be shown that the reality of
the minimum of the effective potential implies φ3 = −(φ1 + φ2) =
0, so that there are actually only two order parameters in the
model, σ and φ ≡ φ1.
The state of thermodynamic equilibrium is the minimum of
the effective potential with respect to the order parameters σ
and φ at ﬁxed external conditions (T and B). One deﬁnes, then,
the chiral condensate σ(B, T ), as well as the chiral susceptibil-
ity χ(B, T ) = ∂σ (B, T )/∂T . The pseudo critical temperature for
chiral symmetry breaking is identiﬁed as the peak of the chiral
susceptibility χ(B, T ). As discussed in Ref. [8], the pseudo critical
temperature for the chiral and the deconﬁnement transitions split
as the magnetic ﬁeld increases suﬃciently, a fact that is not in line
with lattice results [35]. To keep our discussion simpler, we will
focus our analysis on the chiral transition.
In the next two sections we promote two parameters to func-
tions of the external magnetic ﬁeld: the Yukawa coupling g and
the parameter T0 of the Polyakov loop potential.
3. B-dependent Yukawa coupling in the QMmodel
Let us ﬁrst consider the modiﬁcations brought about by intro-
ducing a B dependence in the Yukawa coupling, i.e. by considering
g = g(B). For that purpose, we adopt the QM model (which is
equivalent to setting φ1 = φ2 = φ3 = 0 and V P ≡ 0 in the PQM
model). This will change our formulas (4) and (5) for the effective
potential simply by the replacement g → g(B). In order to describe
the parameter space of g(B), we show the pseudo critical temper-
ature as a function of the Yukawa coupling g for different values
of the applied ﬁeld B , as seen in Fig. 1.
Fig. 1 should be understood in the following way. Each con-
tinuous function g(B) will correspond to some continuous path
on the plot. All these paths must start on the continuous line
(eB = 0), then proceed to some point on the dashed line (eB =
5m2π ), then to the dotted line (eB = 10m2π ), and so on, as B
increases. It is clear from Fig. 1 that any choice g(B) = g0
(a constant) leads to an increasing Tc(B). The same behavior will
set in if g(B) is a decreasing function of B . The only possible
way to ﬁnd a decreasing Tc(B) would be to let g(B) increase
with B .
However, as can be seen from Fig. 1, such a function would
have to grow very strongly. Thus, the coupling g would very soon
reach the region g  3.6, where the transition becomes of ﬁrst
order. Lattice results [35] clearly show that the transition is a
crossover for ﬁnite B and, therefore, we do not consider ﬁrst-
order transitions as acceptable solutions in this Letter. Besides, if
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Values of constants to which the parameters of the mesonic potential are adjusted, according to Ref. [42].
Constant fπ [MeV] mπ [MeV] λ g0 m f [MeV] qu qd
Value 93 138 20 3.3 307 +1/3 −2/3Fig. 1. Tc as a function of the coupling g for various values of B . Thin black (con-
tinuous) line: eB = 0. Red (dashed) line: eB = 5m2π . Blue (dotted) line: eB = 10m2π .
The thick black line corresponds to a second-order phase transition and the gray
region to its right corresponds to a ﬁrst-order transition. The vertical dotted line
represents the value g0 = 3.3, the physical value for g in the vacuum.
Fig. 2. Evolution of the normalized order parameter σ/v as a function of the tem-
perature for a B-dependent Yukawa coupling g(B) = g0(1+ 0.01eB/v2). Notice the
ﬁrst-order phase transition at higher values of B .
g(0) = 3.3, as required by the parameter ﬁt in the vacuum (B = 0
and T = 0), there is clearly no continuous g(B) that would give
rise to a decreasing Tc(B) (at least not for a crossover, see Fig. 1).
Therefore, we can conclude that, if one takes the usual parameter ﬁx-
ing in the vacuum, g(0) = 3.3, there is no continuous function g(B) that
could lead to inverse magnetic catalysis in the QM model at ﬁnite tem-
perature and zero quark chemical potential, unless the chiral transition
is of ﬁrst order.
To illustrate the general trend discussed above, we consider
two explicit examples. We show in Fig. 2 the evolution of the
chiral order parameter σ(B, T ) as a function of the temperature
for different values of B . We take the (increasing) ansatz g(B) =
g0(1 + 0.01eB/v2). For small values of the applied ﬁeld, the tran-
sition is a crossover. However, as soon as B reaches a moderate
value (eB  5m2π ), the chiral crossover turns into a ﬁrst-order tran-
sition.Fig. 3. Pseudo critical temperature Tc as a function of T0 for several values of the
applied magnetic ﬁeld in the PQM model. The band Tc = (173±8) MeV corresponds
to the pseudo critical temperature found on the lattice for N f = 2 [45].
4. B-dependent T0 in the PQMmodel
Let us now consider the PQM model with the standard (ﬁxed)
Yukawa coupling g = g0 = 3.3, but with a varying T0 = T0(B). As
discussed in Refs. [44,41], the model parameter T0 is equal to the
deconﬁnement critical temperature in a pure gauge Polyakov loop
model, T gauge0 = 270 MeV. However, due to the back reaction from
the matter ﬁelds, T0 should be lower than its pure gauge value
when dynamical quarks are present. More speciﬁcally, one takes
T0 as the running scale in the perturbative renormalization group
running of αs , the strong coupling constant. Once αs depends
also on the number of quark ﬂavors, quark masses, and possi-
bly on external constraints (e.g. on the chemical potential, as in
Ref. [44], or on the magnetic ﬁeld, as considered here), a function
T0(N f ,m f , B) = Tτ exp[−1/αsb(N f ,m f , B)] may be implemented,
where Tτ is a given energy scale used to ﬁx αs (e.g., the tau lepton
mass mτ = 1777 GeV [42]).
According to the analysis of Refs. [37,46], the form of the
Polyakov loop effective potential could be important for the mech-
anism of inverse magnetic catalysis around the transition tem-
perature. A natural way to parametrize the B dependence of the
Polyakov loop potential is through the T0 parameter, described
above. We investigate here whether or not this possibility can lead
to inverse magnetic catalysis. We ﬁnd that, within the PQM model
(with all other parameters kept at their vacuum values), no func-
tion T0(B) can lead to a decreasing Tc(B) for suﬃciently high
magnetic ﬁelds, such as those investigated in [35]. Some choices
for T0(B) may, at most, make the pseudo critical temperature de-
crease for small values of B . However, even for magnetic ﬁeld inten-
sities eB ∼ 0.4 GeV2 ∼ 20m2π , the catalysis-inducing vacuum term (4)
dominates the whole picture and Tc(B) inevitably rises.
In order to see that the pseudo critical temperature tends to
rise for every parametrization T0(B), we proceed in the same fash-
ion as in the analysis of g(B) in the previous section. Fig. 3 shows
how the pseudo critical temperature Tc depends on the value of
T0, for different intensities of magnetic ﬁeld. For reference, we also
show the value Tc(B = 0) = (173 ± 8) MeV, obtained in the two-
ﬂavor lattice calculation of [45]. The curves shown in Fig. 3 can be
understood as level curves for the pseudo critical temperature at
different values of B . Therefore, as B grows, each continuous func-
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√
eB/mτ . (b) The corresponding normalized phase diagram
Tc(B)/Tc(0), in comparison with lattice simulations [35] (gray band).tion T0(B) corresponds to a continuous line that must connect the
curves shown, starting from the solid line (eB = 0). For example,
a ﬁxed T0 is represented by a vertical line in Fig. 3. Notice that,
with this choice of a constant T0(B), the level curves are crossed
at ever increasing values of B , so that the pseudo critical tempera-
ture monotonically rises, regardless of the value of this constant. In
the case of a generic function T0(B), the pseudo critical tempera-
ture Tc(B) can, in principle, either go up or down. However, it can
only go down inside a narrow window of small values of B and if
T0(B) decreases suﬃciently fast. As the magnetic ﬁeld grows, even
a function T0(B) that decreases strongly for small B will at some
point assume nearly constant values (possibly close to zero, once
T0 > 0). As discussed above, a constant T0 leads to an increasing
Tc(B). In general, we can conclude that, for suﬃciently high mag-
netic ﬁelds, the pseudo critical temperature Tc(B) always increases
in the PQM model, for any function T0(B).
Let us provide explicit examples. The choices b(N f ,0, B) =
b0 − 60(eB)2/m4τ and b(N f ,0, B) = b0 − 2
√
eB/mτ , where b0 :=
(11Nc − 2N f )/6π = 29/6π , lead to the functions T0(B) shown
in Fig. 4(a). The resulting normalized pseudo critical tempera-
tures Tc(B)/Tc(0) are shown1 in Fig. 4(b) and compared to the
(also normalized) lattice phase diagram of [35]. As advertised, the
pseudo critical temperature goes down for low values of magnetic
ﬁeld, following the same trend as the lattice result from [35], or
maybe decreasing even faster. However, for moderate ﬁeld intensi-
ties (eB  0.3 GeV2  15m2π or lower in the examples shown), the
pseudo critical temperature rises in spite of the very low values
of T0(B) (see Fig. 4(a)). This behavior is due to the vacuum term
Eq. (4), which induces the magnetic catalysis in the vacuum and
dominates over the thermal contribution Eq. (5) for larger values
of B .
5. Conclusions
We examined the behavior of the pseudo critical tempera-
ture for the chiral transition in the QM and in the PQM model
in the presence of a constant magnetic ﬁeld background by al-
lowing for two natural extensions of the parameter space: a
B-dependent Yukawa coupling, g(B), in the quark–meson model
1 Our calculation ceases at eB ∼ 0.35 GeV2 due to numerical instabilities which
arise when T0(B) is suﬃciently small. Such instabilities are related to the Polyakov
loop potential (3), which is ill-deﬁned at T0 → 0.and a B-dependent Polyakov loop potential parameter, T0(B), in
the PQM model.
We found that even strongly varying functions g(B) and T0(B)
are not able to reproduce (not even qualitatively) the phase dia-
gram Tc(B) from lattice simulations in the presence of a magnetic
ﬁeld up to ﬁelds eB ∼ 1 GeV2. This robustness of the (P)QM model
can be attributed to the vacuum term, Eq. (4), which is responsi-
ble for magnetic catalysis in the vacuum and still dominates the
effective potential at ﬁnite temperature, even for moderate values
of the magnetic ﬁeld intensity.
Even though our analysis has been performed at mean-ﬁeld
level, we believe that our conclusions will not be changed if one
considers ﬂuctuations (as studied, e.g., in Refs. [16] and [47] for
ﬁxed values of the model parameters). Likewise, there is no reason
to believe that other chiral models, such as the PNJL model, will
behave differently.
The physical mechanism for inverse magnetic catalysis recently
proposed in [37,46] relies on a competition between valence and
sea quarks. While the coupling of the magnetic ﬁeld to valence
quarks enhances magnetic catalysis, its interaction with sea quarks
tends to decrease the chiral condensate, leading to inverse mag-
netic catalysis. In the context of chiral models, however, quarks are
introduced as free quasiparticles, so that no degrees of freedom
corresponding to sea quarks are present. We believe this can be an
important, if not decisive, factor for the inability of chiral models
to correctly describe the T − B phase diagram.
It seems clear that further comparisons between predictions
from these effective models and lattice data in systems contain-
ing other control parameters besides the temperature are crucial
to test the reliability of those models. Besides the case with a
magnetic ﬁeld, these models seem to face diﬃculties describing
lattice data also when one considers the dependence of the criti-
cal temperature on isospin and quark masses [48–50]. Apparently,
the presently used chiral models miss some important physics to
describe the properties of bulk QCD matter as extracted from lat-
tice simulations when introducing new control parameters, here
the magnetic ﬁeld, even on a qualitative level. In view of this cir-
cumstance, it seems that extrapolations of these chiral models to
regions of the QCD phase diagram not easily accessible by lattice
simulations have to be taken with caution before these basic dis-
crepancies are resolved.
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